ORBITALLY BUT NOT ASYMPTOTICALLY STABLE 
GROUND STATES FOR THE DISCRETE NLS 



SCIPIO CUCCAGNA 

Abstract. We consider examples of discrete nonlinear Schrodinger equations in Z 
admitting ground states which are orbitally but not asymptotically stable in ^-^(Z). 
The ground states contain internal modes which decouple from the continuous modes. 
The absence of leaking of energy from discrete to continues modes leads to an almost 
conservation and perpetual oscillation of the discrete modes. This is quite different 
from what is known for nonlinear Schrodinger equations in R"^. We do not investigate 
connections with work on quasi periodic solutions as in [JA,BV]. 



§1 Introduction 
We consider the discrete Laplacian A in Z defined by 

(Aw)(n) = u{n + 1) + u{n — 1) — 2u{n). 



In £^(Z) we have for the spectrum a(— A) = [0,4]. Let for (n) = y/l + n^ 

F'"(Z) = {u = {un}: ||w||?p,. = 5]](^)''"I^^Hr < oo} forpG [l,oo) 
£°°''^(Z) = {u = {u{n)} : \\u\\e^.. = sup(n)'"|w(n) | < oo}. 

We set iP^" = iP''^{Z) and iP = (.p^^ . We consider a potential q = {q{n), n e Z} with 
q{n) G M for all n. We consider the discrete Schrodinger operator H 

(1.1) {Hu){n) = -{Au){n) + q{n)u{n). 

We assume: 
(HI) |g(n)| < Ce-I"l. 

(H2) The points and 4 are not resonances of H. 

(H3) ad{H) consists of exactly two eigenvalues —Eq < and Ei > 4. 

Here A = (resp.4) is a resonance if there is a nontrivial u G £°° with Hu = Xu. 
We will see in Appendix A that there are operators satisfying (H1)-(H3). By Lemma 
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5.3 [CT], dimker(iy + £'o) — 1 in We denote by (po{n) a generator of ker(iy + Eo) 
normalized so that H^^oll^^ = 1. Similarly dimker(if — = 1 in We denote by 
<fi{n) a generator of ker(i^ — normalized so that ||v?i||^2 = 1. We pick fo{^) > 
and 'fii{n) G M for all n. Consider now the discrete nonlinear Schrodinger equation 
(DNLS) 

(1.2) idtu{t,n) - {Hu){t,n) + \u{t,n)fu{t,n) = 0. 

We consider a family of ground states solutions e^'^'^4>uj of (1.2), or equivalently of 

(1.3) {Hu){n) — \u{n)\^u{n) = —u)u{n). 
Specifically we have, see Appendix A [CT] : 

Lemma 1.1. Assume (H1)-(H3). There is a family u ^ (puj of standing waves 
solving (1.3) with the following properties. For any a > there is anr] > such that 
Lo^cj)^ belongs to C'^{]Eo,Eo + ri[J'^''')nC^{[Eo,Eo + rilf'''). We have (j)^{n) eM 
for any n and there are fixed a > and C > such that |(/>tj(n)| < Ce""'"'. As 
uj\Eo we have in C°°{]Eo, Eq + ?7[,£^''^) n C°([£'o,-Eo + vl^'^''') the expansion 

1 _ 4 

4>uj = (o) - ^o)Hlv'o||£8^((^o +0(w - ^o))- 

Under our hypotheses, the ground states e'^'^^cf)^^ are by well known arguments 
orbitally stable in A natural question is whether they are also asymptotically 
stable. Here we will define asymptotic stability as follows: 

Definition 1.2. We say that an orbitally stable ground state e^'^oVt^o (^-^J 
asymptoticaly stable if there are a a > and an eo > such that for any uq G £^'"' 
with 1 1 Wo — 1 U^ '^ — ^0 there are a u!+ and a real valued function d{t) with 

lim \\u(t) - e'^(*Va;+||£-.— = 0. 

t— >+oo 

Our stating point is the following theorem, proved in [CT], for a weaker result 
see also [KPS]: 

Theorem 1.3. Suppose that H satisfies (H3), has just one single eigenvalue and 
q G £^'^ . Then for any ujq E.]Eo, Eq + rj[ there exist an eo > and a C > such that 
if we pick uq G £^ with \\uo — 0(^„ \\g2 < e < eo, then there exist uj+ G (i?o, Eq + r]o), 
9 G C"'^(M) and w+ G £^ with \u)-^ — uiq\ + Hw+H^z < Ce such that if u{t,n) is the 
corresponding solution of (1.2) with m(0, n) = UQ{n), then 

lim \\uit) - e*^W0a.+ - e^^^uAy = 0. 

t— »oo 

Theorem 1.3 implies asymptotic stability of the standing waves e^'^^4'^ in the 
sense of Definition 1.2. Theorem 1.3 holds because H is rather special. In fact, 
consistently with known results in the literature [BV,JA] we show what follows: 
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Theorem 1.4. Consider in Lemma 1.1 a > large and rj > small. Assume 

(H1)-(H3). 

(1) Any uiQ Gj-Eo, Eq + r][ is not asymptotically stable. More precisely for any a > 
there is a sequence with \\un{0) — (pojoWp.'^ such that for any n 

inf ||wn(^) — e*'''0u;||£2,-o- > 0. 

(2) For e > small enough there is a fixed ^o(<^o) such that for \\uo — ^^oll^^ < e 
we can write for all t eM. and for a & (R, R) 

(1.4) u{t,n) = e''^'\cl>^^t^{n) + r{t,n)), 9{t) = [\{t')dt' + ^{t), 

Jo 

(1.5) with \u)o — uj{t)\ + ||r(t)||^2 < Ao{uQ)e 

(1.6) and {^r{t), <P^^t)) = (»r(t), d^cP^^t)) = 0. 

(3) We have a representation for all times t 

(1.7) u{t) = e^^W (<^^(,) + 4i(a;(t)) + zU^{t))) + A{u;{t), z{t)) + h{t) 
with for a fixed C = C{uo) 

(1.8) \\A{u;{t),z{t))y,.<C\z{t)\^ 

(1.9) lim \\h{t) - e'^^h+\\p = for a h+ e with \\h+\\p < Ce 
(1.10) 

< Ce 

(1.11) 

||ei(a;)-<^i||,i + ||e2(a;)||,i <C(a;-Eo). 

There is another variable z = + a{ujX) + '^{'^,Cjh) ''^'^'th \a{u!,()\ < C|Cp and 
\A{u,C,h)\ < C|C|||/i(t)||^2,-2 such that 

(1.12) iC - A(a;)C = d{u;, |Cp)C + B(u;, C, h) 

with d{LV, ICp) real valued and \B{ujXj h)\ < C||/i||^2,-2- There is a change of vari- 
ables u = w + a{w, + C{w, h) with \a{w, Q\ < C|Cp and \\C{tu, C, h)\\i2,2 < 
C|C| ||/i||^2,-2 such that 

(1.13) iw = D{w,C,h) 
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with \D{w, (, h)\ < C\\h\\^2,-2- In particular there is a zoj^ with \ujq — zoj^] < Ce^ 
such that 

(1.14) lim{at),w{t))^{0,w+). 

t— >oo 

For Stricharz estimates for h{t) see §5. Claim (1) is not surprising in view of 
earlier work on quasiperiodc breathers of the DNLS in the anticontinuous limit, 
[BV,JA]. Claim (2) is just the standard statement of orbital stability. What to our 
knowledge is new is the detailed analysis of the long time dynamics near the ground 
states. We do not push our analysis enough to prove the existence of a manifold of 
quasiperiodic breathers and to prove its asymptotic stability. Yet maybe Claim (3) 
is suggestive of such a situation. 

Our viewpoint is the same used for continuous NLS in already used in [CT] , see 
references therein. The result is in some sense opposite, but for reasons consistent 
with the results for continuous NLS or in [CT]. The difference between Theorems 
1.3 and 1.4 is due to differences between the discrete spectra ad{H). The case of 
Theorem 1.3 is simpler because (Td{H) consists of just one eigenvalue and as a con- 
sequence adCHuj) = {0} with Tiuj the linearization in (2.3). However, in analogy 
to the continuous case, one could prove Theorem 1.3 even in cases when ad{H) is 
formed by an arbitrary number of eigenvalues and so (Jdi'Hu)) ^ {0}. To explain 
why for H satisfying (H3) Theorem 1.3 fails, we need to discuss the nonlinear cou- 
pling between discrete and continuous modes. (1.2) can be rewritten decomposing 
canonically u{t) into the spectral components associated to the spectral decompo- 
sition of 'Hu}{t)- In particular u{t) is expressed as a ground state plus a reminder 
-R, see §2. Asymptotic stability of ground states corresponds to the fact that R{t) 
disperses. R is decomposed in various components associated to the spectrum of 
Tit^. Thanks to the dispersion theory in [SK,KKK,PS,CT] the continuous spectrum 
can be thought as stable spectrum. The discrete spectrum CTdi'Hu) corresponds to 
central directions. To see whether or not there is asymptotic stability, we need to 
study the behavior of the discrete components of R. Notice that in the absence of 
nonlinear coupling, the discrete components of R would describe periodic motions. 
In the case of the NLS in M^, for any A(c<;) G (7d{HiS)\{^} there is a fixed integer n 
such that n\{uj) G o"e(7ia;), with o"e the continuous spectrum. In other words, there 
is resonance between continuous spectrum and nonzero eigenvalues ofTiuj- This fact 
seems to be responsible for the asymptotic stability for NLS in M'^, and of orbital 
instability in the case of standing waves with nodes which are linearly stable, see 
[C]. Using bifurcation theory as in Lemma 1.1 it is easy to find also examples of 
DNLS in Z'^ such that there is resonance between continuous spectrum and nonzero 
eigenvalues of Ti^j- In these cases one expects that energy leaks slowly from the 
discrete modes to the continuous modes because of resonances, and that continuous 
modes disperse. In this paper hypothesis (H3) assures that crd{Hu!)\{0} = {±A(a;)} 
and that nA(a;) ^ UeCHuj) for all integers n. This can be easily manifactured because 

4 



cr(— A) is a bounded set. By the absence of resonances, we show that discrete and 
continuous modes decouple. The discrete modes persist in their oscillatory motion. 
The continuous modes consist of a small component confined in a bounded region 
of space and of a part which scatters as solutions of the linear constant coefficients 
Schrodinger equation. To prove this decoupling we need to perform a Siegel normal 
forms argument. It is likely that the techniques in [BV] can be used to prove the 
existence of a manifold of quasiperiodic solutions, and that our argoments show 
that this manifold is a local attr actor. 

We end with some notation. Given an operator A we set Ra{z) = {A — z)~^ its 
resolvent. We will denote by S{Z) the set of functions /(n) rapidly decreasing as 
\n\ / oo. We will denote by «S(]R x Z) the set of functions /(t, n) rapidly decreasing 
as (t, n) diverges along with all the derivatives dff{t, n) for a G N. We will denote 
by Co(Z) the set of functions /(n) such that /(n) = for n near oo. Given two 
Banach spaces X and F, B[X^Y) will be the space of bounded linear operators 
defined in X with values in Y. Set diag(a, h) for the diagonal 2x2 matrix with 
(a, h) on the diagonal. Given a matrix A we say that it is real, if it has real valued 
entries. We denote by *'A its transpose. 

§2 Linearization, modulation and set up 
In Appendix B [CT] it is proved: 

Lemma 2.1(Global well posedness). The DNLS (1.2) is globally well posed, in 
the sense that any initial value problem tt(0,n) = UQ{n) with uq e P admits exactly 
one solution u{t) G {M., fi) . The correspondence uq u{t) defines a continuous 
map P —>■ C°°([Ti, T2], for any bounded interval [Ti, T2]. 

By the implicit function theorem we get: 

Lemma 2.2 (Coordinates near standing waves). Fix luq close to Eq. Then 
there are an eo > and a Co > such that any uq G P with \\uq — (pujoWi^ — 
e < So can be written in a unique way in the form uq = e''''*^°)((^t^(o) + r{0)) with 
|u;o-c^(0)| + |7(0)| + ||r(0)||^2 < Cqc and with (Kr(0), (/)^(o)) = ($>r(0), a^(^^(o)) = 0. 
The correspondence uq — > (7(0), a;(0), r(0)) is a smooth diffeomorphism. 

By standard arguments one has: 

Lemma 2.3 (Orbital Stability). For eQ > small enough in Lemma 2.2 there is 
a fixed Aq{ujo) such that for ||wo — ^u-olk^ < e < eo can express u{t) as (1.4)-(1.6) 
for all t G R. 

Consider the initial datum uo{n). We consider for all t the decomposition (2.1). 
When we plough the ansatz (2.1) in (1.2) we obtain 
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(2.1) 



idtr{t, n) = {Hr){t, n) + u;{t)r{t, n) - 40^^,) {n)r{t, n) - 30^^,) {n)f{t, n) 
+ i{t)4>u,it) (n) - iCo{t)d^(i)^it) (n) + i{t)r{t, n) + N{r{t, n)) 



for N{r{t,n)) — 0{r^{t,n)). We set — {r,r), = {4^u},4^oj) and we rewrite the 
above equation as 



iRt = n^R + asjR + (737$ 
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iiJod^^+M{R) 

we have for Ti.o{uj) = 



(2.2) 



(J3 [H + co] 

(2.3) Hu, = 7io(t^) + with (K,i?)(n) = [-4(73 + Sida] (/)^(n)i?(n). 
We have the foUowing spectral information on Huj '■ 

Lemma 2.4. Pick rj > in Lemma 1.1 very small. Then for any Eq < u> < Eq + tj 



we have the foUowing facts: 

(V 



For J the operator defined by J*(wi, U2) 
o'l'Hui = —Ti.ujO'i, [JjTi.^] 



0, (TsHu, 



we have 
= H*a3. 



(2) 
(3) 

U) 
(5) 



The spectrum a{Ti.uj) is symmetric with respect to the coordinate axes. 
The essential spectrum is (Te{'Huj) = aeCHoiuj)) = (—4 — cu, —uj) U (u;, 4 + a;). 
For the generalized kernel we have Ng{Ti.cj) = span{a3^:^, doj^oj}- 
For the discrete spectrum we have (TdiT^u) = {0, Ai(a;), — Ai(a;)} with, for a fixed 
C independent from u> , \\{u>) — E\—u}\ < C {uj — Eq). We /ia?;e dimker(7Y^;±A(a;)) 
1 and NgiHu; ± A(a;)) = ker(7^^ ± A(a;)). 

Proof. (1) follows from the definition of TCcj and the fact that 0a; (^) ^ I^- (2) 
follows from (1). (3) follows from Weil's essential spectrum theorem, Theorem 
XIII. 14 [RS]. NgiTi^) 3 span{cr3$a;, d^^^j} follows from computation. The equality 
is a consequence of elementary perturbation theory and the fact that 7Yo(i^) has 
simple eigenvalues in ±(a; — £^0) and no other eigenvalues near 0. The existence 
of A(c<;) satisfying the above estimates follows from perturbation theory and the 
fact that 1-Lq{u) has two simple eigenvalues ±(i?i +0;). The fact that dimker(7Ya; ± 
\{uj)) = 1 and Ng{Ti.u;±X{uj)) = ker(7ia;±A(a;)) follow from elementary perturbation 
theory. Finally, for rj small enough, the hypotheses (H2) and (H3) imply that Ti^j 
does not have other eigenvalues. This ends the proof of Lemma 2.4. 



= Ng{n^) ® ®±N{n^ T A(a;)) and £l{n^) = {£l{n*j} 
have the Tico invariant Jordan block decomposition 



We set eliUu 



We 



(2.4) 

We have: 



Ng{n^) ® ( ©± N{n^ T A(a;))) © £l{n^) = Ng(n^) © N^(n*j. 



Lemma 2.5. e i^'^^ , for anyp e [1, oo] and cr e R, and X{to) depend analytically 
on uj e]Eq,Eq + ?7[. It is possible to choose generators ^{uj) G kcr(7i(^ — A(a;)) so 
that ^{uj) G £^''^ , for any p G [l,oo] and a G M, depend analytically on u & 
]Eq^Eq -\- r][ and we have the normalization (^(w), a"3^(a;)) = 1. Additionally we 
can choose ^i{oj) = (^i(a;), ^2('^)) so that for any r G R there is Cr such that 
llCi ~ < Ct{u) — Eq) and \\^2\\i^'-^ < Cr{oJ — Eq), where ipi is a normalized 

generator ofker{H — Ei). 

Proof. The fact that G ^^'"^ depends analyticaUy on w for \u! — uo\ < ao for 
some ctQ > foUows by formula (2.3) and Lemma 1.1. Then u Ti^ is analytic 
from |c<; — cuqI ^ ctQ into B{£P''^ ,£P''^) for all p > 1 and cr G M. In particular, Ti.^ 
is an analytic family of operators in the sense of Kato, p. 14 [RS] vol. IV (that is 
for any fixed ujq and z ^ a{Tluio)j then Rt-i^{z) is analytic in uj for co sufficiently 
close to uq). Then by the Kato-Rellich theorem, Theorem XII. 8 [RS], A(a;) depends 
analytically on uj. Furthermore, we have the projection operator 



with, for any p,q E [1, cxd] and r, o" G M, \\T{uj)\\B{tp>^ ^tp^") ^ ("^ — Eq) with a fixed 
constant. This implies also the information for ^ and concludes Lemma 2.5. 

The conditions (9f?r(t), = {^r{t),dui(j)uj{t)) = are the same of (i?(t), $^(4)) — 

{R{t) , asdu;^^j(^t^) = 0, that is R{t) G A/^(?i* j^^^). This in particular implies that, in 
correspondence to the spectral decomposition (2.5) below, we have a decomposition 



(2.5) R{t) = (4 + zaiO + fit) e [5^ker(H^(,) ^ A(a;(t)))] © Ll{n^^t^). 




El -A 
2 



So 

Pker{Hu,-Xiuj)) depends analytically on oj. 




{RhA^) - i?Wo(-2)K;(l + RHA^W^T^Rnoi^)) dz, 



± 



R{t) G 
(2.4), 



iji*ju\) implies, for PNgCHu,) projection on NgiJi^) associated to 



(2.6) 



7($,9u;$) = —(same as above, as^t^^). 



We have: 
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Lemma 2.6. There are two functions ^{u>, r, r) and i^iu!, r, r) defined in the subset 

of X P defined by \z\ + \z\ + \\f\\p,-T < {uj — Eo)eao and by \uj — uq] < /Sq for 
some fixed small ao > and < /3o <^ {lvq — Eq), analytic in {uj,r,r), such that 
for any t > we have \iy{u>,r,f)\ + |/x(a;,r,r)| < C{T,u>)\\{r,f)\\p,-T with C{t,u;) 
continuous and with for real uj 



(2.7) 



iuj = iio{uJ, r, r) = z/(c<;, r, r) — z/(a;, r, r) with ^{uj, r, r) = z/(r, r) 



7 = 7(0;, r, r) = /i(<^, r, r) + //(a;, r, r) mt/i //(a;, r, r) = //(a;, r, r). 



Proof. Apply PNg{n^) to (2.2) obtaining 

Set g(ci;) = ||(/>i^||| and q'{uj) = dq{uj)/dw. Then we have 

PN,{n^) = ^3$c.( , (T3a^$^)/g'(u;) + , $^)/g'(w). 

By PN,{n^)R = 0, which implies PNg{n^)Rt = -iod^PNg{H^)R, we get 

g'(a') + 



-a;/ 



) 













-{d^PN,{H^)R,^u,) {(T3R,^o 

■{dujPN,in^)R,(^3duj^uj) {R,d^^, 
By an elementary computation we have 

{du>PN,{H^)R, ^u.) = {r + f, d^cjyj) 
{du;PN,{n^)R, (^sduj^uj) = {r-f, dl(j),j) 
and so *(ia;, —7) = 



{N{R),^^) 
{J\fiR),asdA) 



(2.8) 



(2.9) 



{r + r,d^(j)^) {r-r 
r,dl(j)J) {r + f,d, 



{N{r,r)-N{f, r),(j)J) 
{N{r,f)+N{r, r),d^(P^) 



{r - r.o:,0uj} {r + r.OojOu;) 

Notice that the right factor in (2.9) is a polynomial in (r, r) while the left factor is 
analytic in the functions in (2.8) and (r — r, (pcu)- This completes Lemma 2.6. 

We plug now decomposition (2.6) in system (2.3) and we obtain 

iz - X{ijj)z = {'jasR + Af{R)- 

(2.10) - izLodoj^ - izuaidu;^ + iud^Pi,eT{n^-\)R, crsO 

if - n^f = iPcin^)<JzR + Pc(n^)H{R) + nod^Pdn^R. 

Our first step will consist in §4 in splitting / = ^{u,z) + g with g G (-'^{'Hu}) 
satisfying an equation of the form (4.1) below and with ||$(a;, z) ||^2,2 < C\z\'^ for 
fixed C > 0. In §5 we will prove that g is asymptotically free. In §6 we will prove 
that z{t) does not decay to 0. We will also show in §7 that u){t) oscillates. We first 
state some linear dispersive estimates needed later. Proofs of Lemmas 3.1 and 3.3 
are in sections 8-10. 



§3 Spacetime estimates for Huj 

We list a number of linear estimates needed later. The constants C{uj) and 
C(t, a;) in this section are upper semicontinuous in uj. 

Lemma 3.1. Under hypotheses (Hl-3) there is a constant C{lo) such that 
\\Pc{n^)e''^-\\Bii.,i.') < C(a;)(t)-i(^-^) \/p e [1,2] and for p' = 



The proof is in §10. The next estimates needed are Stricharz estimates. Following 
[CV] for every 1 < p, g < oo we introduce the Birman-Solomjak spaces 

F(Z,L?Kn + 1]) ^ {/ e Ll^{R) s.t. {\\f\\Lnn,n+i]}nez e F(Z)} , 

endowed with the norms 



iP{Z,Ll[n,n+l]) 



i?Kn+il ^ l<p<ooandl<g<oo 



^°°(Z,Lnn,n+l]) = ^^P\\J\\Li[n,n+l]- 

We say that a pair of numbers (r, p) is admissible if 

(3.1) 2/r + 1/p = 1/2 and {r,p) e [4, oo] x [2, oo]. 

Then proceeding as in [CV], by a standard TT* argument it is possible to prove 
from Lemma 3.1 the following result: 

Lemma 3.2 (Strichartz estimates). Under the hypotheses of Theorem 1.3 there 
exists a constant C = C{u>) upper semicontinuous inu such that for every admissible 
pair (r, p) we have: 



Moreover, for any two admissible pairs (ri,pi), (r2,P2) we have the estimate 



< 



^^'■i (Z,Lf ([n,n+l],£fi 



<CM||^|| 



,Li([n,n+l],F2 



In §9 we prove the following Kato smoothness result: 
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Lemma 3.3. For t > 1 there exists C = C{r,u}) such that for all z e C\cre(7ia)) 

\\RnMPc{n^)\\B{P^r^,.,-r)<C. 

The following limits are well defined for any A e [0,4] in C°([0, 4], ^^'~'^)) 

lim i?^JA±ie)=i?±JA). 



For any u e P^'^ n £l{Hu}) we have 

Pc{n^)u = ^ / (i?^JA) - i?^JA))«dA 
= 7^ / (i?^ JA) - i?„ JA) WA. 

The first two statements are proved in Lemma 9.1. The third statement is proved 
in Lemma 9.4. We list now a number of corollaries. 

Lemma 3.4. For r > 3/2 3 C = C{t,uj) s.t.: 

(a) for any f e S{Z), 

\\e-'*^-P,in^)f\\L.,.,-. <c\\fy; 

(b) for any g{t, n) G S{R x Z) 



I 

Jr 



< C\\g\\Lj£^.. 



The proof is the same of Lemma 3.3 [CT]. 
Lemma 3.5. For any r > 1 3 C — C(t, a;) such that 



[ e-'^'-'^^-P,{n^)g{s,-)ds 
Jo 



<C\\g\\LU-.r. 



The proof is the same of Lemma 3.4 [CT]. 
Lemma 3.6. For every r > 3/2 3 C = C(t, a;) such that 



Jo 



L^Pn£'i{Z,L^{[n,n+l],e°°)) 



< C\\g\\LH-, 



The proof is the same of Lemma 3.5 [CT]. We will now assume Lemmas 3.1 and 
3.3 and we will proceed with the proof of our nonlinear result. 
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§4 Decoupling between localized and dispersive radiation 

Lemma 4.1. There is a representation f = ^{lj, z)+g such that aig = g, ^{u,z) G 
£^{TCu>) is analytic in {lij,z,z) with ||^>(a;, 2;)||^2,2 < C|2;p for fixed C > 0, and 
g e iliHuj) which satisfies, for \\T{u!, z, g)\\p,2 < C\z\ ||^||^2,-2, 



(4.1) ig - {n^ + ^Pc{U^)a^)g = ^{oj, z, g) + 0{\g\''). 

Proof. We enter the splitting (2.6) in equations (2.7) and (2.10). We set fi = f 
and setting u> = d>{u), R) = 7(0;, R), i.e. the functions in Lemma 2.6, we write 

ifi - Tiujfi = iPc{T-iuj)(^zfi + ^i(<^, z) + J^i{uj, z, /i) 
^^2) za; = 6i(a;,2;) + f]i(a;,2;,/i) 

7 = ci(a;,2;) + ri(a;,2;,/i) 
iz — \{uS)z = di{u!, z) + 2'i(a;, 2;, /i). 

We wiU define recursively a sequence of systems 

ifi - T-(-ujfe = iPc{'Hu)(y?,fii + z) + T(,{uj, z, ft) 
^^g^ iio = hi{uj,z) +Vtt{uj,zJt) 

7 = ci{u,z) + Ti{uj,z,fi) 
iz - X{ijj)z = di{u), z) + Zi{u, z, fi) 

and we will assume a number of inductive hypotheses for fixed eo > small 
enough and C: 

(1) fieelin^); 

(2) J^t{u;,zJi)=J^{fi)+^i{u;,zJi) with ^(/^) = 0(1/^^) and with .^^ (a;, 2, /^) e 

(3) bi, C£, dg, Qi, and Zg are analytic functions in {u>,z,z,fi) for 

(4.4) max{|a;-a;o|,|2;|, ||/£||£2,-2} < e-^'^-'^~'ho; 

furthermore, their Taylor expansions have real coefficients; 

(4) (a;, z, ft) — > Ttiuj, 2, fe) e is an analytic function in the domain in (4); 

(5) [y^iZ) Aiiu^z) e is analytic in {Lij,z,z,f£) for max{|a; — c<;o|, < 
g-(2-2 expand 



Ai{LJ,z)^ ^ Ai^ri{^^)z"'z'' and set Ai{u,z) := ^ ^^^^(cc;) 

m+n>e+l Tn+n>£+2 
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then the are real with aiAimni^^) = --4^nm('^); A£{uj, z) e il{Hu,) n£^'^; 

(6) The subspace of solutions of (4.3) with to real, z and z complex conjugate of 
each other and aifg = fg, is invariant by system (4.3); 

(7) the following estimates hold in (4.4) 

\\Mu;,z)y,. < CA{e)e^'-'^^'-'-'^e^'+'\zf+' 

(4.5) max{(|l],|, |r,|, |Z,|, ||.F,||,2,0(a;, 2;,/,)}+ < Cn{i) i\z\ + \\fe\\p,-^) Wfey,-^ 
max{|6^(a;,2;)|, \ci{u, z)\, \di{uj,z)\} < Cb{e)\z\'^. 

These hypotheses hold for £ = 1, for Ca(1) = Cn(l) = Ct,{l) = c(l). We define 

for ^(£+i)mn{i^) — RnAi^ - n)\{uj))Aiimn{i^) 

ft = ft+l+^l+l{u,z) ,^i+l{uj,z) ^ ^^t+l)mn{i^)z^Z^. 

m+n=£+l 

We have $£+1 G ^lO-L^). This implies G iUT^cv)- We have: 

Lemma 4.2. $£_i_i(c<;, 2) analytic in {00, z,^) for \u — ujq\ < e~^^~'^ ^Eq and 
{z,z) G with values in In \uj — cjqI < e~'^^~^ ^ ^^£0 O'l^d for ■ {b, c) := 
d^^£+ib + dz^i+ic - dz^i+ic we have for Di = €4,9^-^ — , see (4.9) for C4.9, 

^ ^ ||$,+i(c^,^) 11,2.2 < C^(£)I),e(^-i)(2-2-^)£-^+i|^|^+i < CA{i)De\z\^ 

(4.6) _ 

(a;, 2)11,2,2 < 4CA(^)i^£e(^-')^'-'" ^^o'+'l^l' < 4C^(£)D,|2|. 

For LV real $(,_|_i)m,n 

(cj) is rea/, <Ji$(,+i)^n(i^) = ^{e+i)nm{^^) , and so aifi+i = fi+i 
if (^ife = fe- In particular this yields the inductive hypothesis (6) fori + 1. 

Proof. The last two sentences follow from aiAirnnij^) = —Airnn{'^) for ui real 
and from aiHuj — —HujCJi. Now we turn to the estimates. There are fixed Co > 
and CKo > such that for |a; — a;o| < eo and j = 0, 1 

(4.7) \dl [Rn,i.){{m-n)X{u^),^i,v)\ | < Coe-^l'^"''!. 
Set Pc{u) = Pc{H^) and = Pd uj)Hu,. Then 

(4.8) -R-Hc = Rf^^(^^^Pc{uj) - R-yi^i^^)V^Pc{uj)Rno{<^) + -R-HoMK;-Rw£,K;-R-Ho(u>)- 

By (4.7)-(4.8) for |a; - cc^ol < £0 and for aU (m, n) G 

(4.9) \\di [i?Hc((m-n)A(a;))] ||b(,2,2,,2,2) < C4.9 for j = 0,1. 
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(4.9) implies for max{|a; — a;o|, |2;|} < e ^ ^ ^^£o 



mini 



{£ + l)\ {so exp(2-^ - 2))^^^^ |.|<e-(2-2-^)so 
2^+1 uim 



(4-10) < , ,,,,+1 sup ^ II A^(a;,^) 11^2,2 



<C4.9CaW- 



+ l)!(£oexp(2-^-2)/-'' 



Differentiating we obtain d^j^i+i = ^^^i + with 



,(2) 



m-\-n=£-\-l 



We have ||$Ji.\(a;, z)||,2.2 < C,.,CA{£)j^^^^r^^^^^^^^^ as for (4.10). By 

(4.11) £o exp(2-^ - 2) - £o exp(2-^-^ - 2) > £oe"^2-^-^ 

and by the Cauchy integral formula, we have 

\\^f_l,{u;,z)\\p,. < C4.9 J2 ^ll^r^^.^K^, 0)11,2.2 \zf+' 

22^+2g2|^|^+l 



<C4.9C^(£)- 



£-1 



{e + iy.Eo (£oexp(2-^-2)) 

So we conclude 



(4.12) ||a^$,+i(a;,^)||,2,2 < 2C4.9Ca(^) 



^-1 



(£ + l)!£o (£oexp(2-^-2)) 
We have 

lls.*,+,l|p,= <C4,g , _\.,^, l|8ra?^((t^,o)||p,.|^l 

("3) p^-' 



£! (eoexp(2-^-2))'-' 
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This concludes the proof of Lemma 4.2. 



We get equations (4.3) for £ + 1 with, for ri,+i(/^+i) = ri,+i(a;, z, fi+i) etc., 

bi+i{u, z) = b£{u), z) + ni{u}, z, , ni+i{fi+i) = Cliifi+i + ^i+i) - 

ce+i{oj,z) = Ci{(jj,z) + Ti{oj,z,^i+i) , r^+i(/£+i) = r^(/^+i + $£+i) -r^($^+i) 
di+i{u),z) = di{uj,z) + Zi{u),z,^i+i) , Z£+i{fi+i) = Z£{fi+i + ^i+i) - Zi{^£+i), 



(4.14) Ai+i = Pc{n^){Ai + a+ias^i+i + J^,(a;, z, $,+i) - • (6,+i, q+i)}. 



+ r,+i(/m)^3$€ - $£+1 ■ } + ^^5'-^c(H^)/^+i. 

Notice that 0"iA,+i^^^(a;) = — A,_|_i.^^(c<;) for w real can be derived from the in- 
variance of (4.3) for £ + 1 solutions of the space where uj is real, z and z are complex 
conjugates and cri/£_|_i = fe+i, already stated in Lemma 4.2. 

Lemma 4.3. The following, are analytic functions in {u, z,z, fi+i): 

(1) 6^+1, Q+i and are analytic in max{|u; — wqI, l-^l} < e~^^~^ ^Sq; 

(2) Ai^i is analytic in max{|c<; — cuoM-^l} < e~(^~^ i^'>'ih values in 

(3) /or max{|a; - cjol, 1^1, ||/,+i||,2, -2} < e~(^~^ ^£0, ^£+1, ^£+1 and Z^+i are 
analytic; 

(4) we have J^i^i{uj, z, fi^i) = J-'{fi-^i) +J-'i+i{uj, z, fi^i) with the same of induc- 
tion hypothesis (2) and with j^,_|_i(a;, /,_|_i) analytic with values in P'"^ and with 
domain max{|a; — ujq\, \z\, ||/£+i||,2,-2} < e~*^^~^ ^£o- 

Proof. (l)-(2) are consequences of CAitjDie^^ -2)eo < 1 which we assume, 
see (4.27). Indeed 



||$,+i(a;,z)||,2,2 < C^(£)i;,e(^-i)(2-2-')eo-'+i|z|^+i < C^(£)i;,e(^-'-^)e^ 
implies max{|a; — a;o|, \z\^ ||$,+i(a;, 2)||,2,-2} < e~(^~^ ^£o- For (3), write 
||$,+i||,2,-2 + ||/,+i||,2.-2 < Cyi(£)i^,|^p + e-(2-2"'"')£o < e-(2-2-^)£o 

The last inequality follows from (4.11) and the following inequality, which we as- 
sume, see (4.27), 

(4.16) Ca{(-)D(,\z\'' < CaD^sI < £06-^2-^-2. 
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To prove (4) we proceed similarly by J^e.+i{uj, z, fe+i) = T{f(,+i) + z, fi+i) 

^£+i(a;, z, fe+i) = Pc{H^)T(,{uj, z, fi+i) 

(4.17) + / P^{n^)T';{uj, z, sjt + t^i^x)dt ds ■ fe+i ■ + 
Pc{n^){Te+i{fi+i)(T3^e+i - $^+1 • (l^^+i, Z^+i) } + iud^Pc{n^)h+i 

Lemma 4.4. In (4-5) we can choose Ci,, Cq and Ca in £°°{N). 

Proof. We have l^iiu, z,^e+i)\ < 2Ca{i)\z\\\^e+i\\e2,2 < 2Cn{e)CA{i)Di\zf for 
CA{£)Dieo < 1. So for Cis{£) := Ct,{£) + 2eoCn{£)CA{£)De 

(4.18) \bi+i\ < \bi\ + \nt{c^,z,^i+i)\<Ci8{e)\z\\ 
The same bounds hold for and (i^+i. Consider now 



Qi+i{uj, z, fe+i) = ^£{uj, z, fe+i) 

(4.19) 

'[0,1]= 

By induction, by Cauchy integral formula, by (4.11), by (4.16) and by (4.5) we have 



+ / Qg{oj,z,sfe+i + t^i+i{oj,z))dtds ■ fi+i ■ ^e+i{oj,z). 



\n'^{u;,z,sfe+i + t^e+i{u),z)) ■ ft+i ■ z)\ < 

< ^A(^)Co(£)i^.^3^±^(2|.| + Wh+iy^-.f. 

Notice we have used e~^e^ ^Eq — e~^e^ ' ^Eq > eoe~^2~^~^ and 



For C2i{e) := CM + en^CA{e)Cn{e)2^^+^DiEo 

\ne+i{f£+i)\ < mfi+i)\ + e^3''CA{e)Cn{e)2^'+^DiEo\z\\\fe+iy,-2 

<C2l(^)(|2;| + ||/,+ l||,2,-2)||/,+ l||,2.-2. 

The same bound holds for max{|r^+i|, |Z^+i|, H.F^ 11^2,2} by the same argument using 



(4.22) ||.F/(a;, z, sfe + t*^+i(a;, z)) ■ • $^+i(a;, 2;)||^2,2 < rhs(4.20). 

15 



Finally we consider Ai^^i{u>,z). We bound each of the terms in the rhs in (4.14). 
By Lemma 4.2 for and (4.18) for q+i 

(4.23) \\ci+ias^e+i\\i2.2 < C23{e)eo'+'\zf+^ C23{i) := Cis{£)CA{£)Die^^^-'\ 
Similarly 

(4.24) \\Peiu;,z,^e+i)\U-.^ < C24ie)so'+'\zf+^ C^^il) := 2Cnie)CAie)D,e^^'-'\ 



(4.25) 



||$£+i(c^,2) ■ (6£+i,Q+i)||£2,2 < ||$^+i(a;,2)||^2,2(|6^+i| + |q+i|) 



We have for l^;! < e ^"""^ ^ ^eo 



(4.26) 



II A^(u;, 2)11^2,2 < 

< y 

^.^2j!(£oexp(2-^-2))^ 

2^' UP' 



m+n>^+2 

2^' UP' 



m!n 



!tj,! 



< 



£2, 



,St2jK£oexp(2-^-2)) 



CA(^)(£oexp(2-^-2))' 

<C26(^)£o'l^r+', 



i-2 



C26(^) :=C^(^)e^ 



2^+2 



r, C26(l) : = 



:(l)e^/22= 



(£ + 2)!(exp(2-^-2))'' ' 3! 
To close the inequalities we need Ca, C'b, Cq in £°°(N) such that 



(4.27) 



eoe^\\CA{j)2^+^Dj\U^ < 1, eo\\CA{j)Dje^^' ' -2)||^oo < 1, 
Cbii + 1) > Ctii)+eoCnii)CAii)Di, 
Cn(£ + 1) > CM+eoCA{i)Cnm'''+^e''3^Di, 

2^+2 2£+2 

C^(£ + 1)>C^(£)^^^^+ 

+ [C,{£) + £oCn(£)CA(^)i^£] CA(^)L'£e2(^-i) + 
+ eoCn(^)CA(^)i^£e2(^-i). 

We set Ca(1) = ^'^(l) = = c(l) and define three sequences recursively using 

equalities in the last three inequalities in (4.27). They are in £°°(N) because of the 
following elementary fact: 

16 



Lemma 4.5. Consider a sequence Xn+i = e^"-'^"-^° {xn + x^dn + Sqx^ d^) for fixed 
N > 1 and d G £"'^(N). Suppose we have inequalities 2£o3^i||c?||i cxp(2[|(i||i) < log 2 
and £o2^-^e2(^-i)ll'^llia;f < 1. Then Xn < 2xi exp(2||d||i) for all n. 

Proof. By induction 

Xn+i < e^'°-^^- exp(2||d|U) (i + + eocin2^-^e2(^-i) H'^H ^ "i) x^ 
< g2so.i||d|Uexp(2||d|U)+2||d||i^^ < 2a;iexp(2||d||i). 

This yields Lemma 4.5. Since we can bound from above our three sequences by a 
sequence satisfying Lemma 4.5, this also concludes Lemma 4.3. 

We define g{t) = f{t) - Y.i>2 ^t))- % \^{t) - uJo\ + \z{t)\ < Ce < c-'^Sq 

the series converges. Furthermore dtg{t) — dtf{t) — Yje>2^t{^e{'^{t): z{t))) . We 
have g e el{n^) with ||fir||^2 < + \z\^ and 11^11^2,-7 < ||/||^2.-2 + \z\\ We 

have particular g, 'Hujfi — ^ 'H^jg (notice that Ti^ is a bounded operator), and 
dtfi — dtg in We have A^(a;, z) ^ Q uniformly for \uj — + \z\ < Ce. We set 

:Fi{fi) = 

= T{g) + T,{g) + {T{f,) - T{g)) + (T,{f,) - T,{g)) ^ T{g) + lim T,{g). 

\ / ^— >oo 

We have 

^^{g) = Mg) + E {^j(9) - ^j-i{g)) ■ 

Since for a fixed C by (4.19) with fl replaced by ^ and by (4.20) 

\\Tj{g) - j;-i(^)||,2,2 < CDj2^^+^e^\zmg\\e2:-. ^ for j / oo, 

we have uniform convergence J^i{g) ^id) in If ^ £o (recall that 

\z\Lf^ < Ce) we have \\J^{uj, z, g)\\£2,2 < C\z\\\g\\i2,~2. By orbital stability we know 
+ 11/11^2 < e. Since ||/-fi'||^2 < \z\'^ we get \\g\\i2 <_e. Taking the limit for £ /■ oo 
in (4.3) we obtain (4.1). Notice that since aifi = fi for all £, we have aig = g. 
This ends the proof of Lemma 4.1. 

§5 5r IS ASYMPTOTICALLY FREE 
Our first result is the following one: 
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Lemma 5.1. Consider the function g in Lemma 4--1- We have for a fixed Cq 

||gr|| 3^, .r , „ < Cne for all admissible (r,p) 
\\g\\Llp,-2 < Coe. 

Proof. Set Pc{uj) — Pci'Hui)- Let loq be as in Theorem 1.2. Set i!} — lo — ujq + 'j. 
We have 

ig - inu>o + mM<J3)g = i9 [Pc{uj) - Paiujo)] asg + P{uj, z,g) + 0{\g\^) 

We spht Pc{coo) = P+{uJo) + P-{uJo) with P±{uJo) the projections in ae{Hujo) H M±, 
see §11. Then we rewrite the above equation as 

^9 - {n^o + ^{P+M - P-M)9 = ^ [PcMa^ - P+M + P-M] g 
+ 1& [Pc{u;) - PcM] <J39 + H^, z, g) + 0(1^^. 

We prove in Lemma 11.1 that for any pair si,S2 £ K there is 05^,52(0;) upper 
semicontinuous in u such that for j = 0, 1 

||Pc(w)cT3 - + - P-{uj))\\b{P,si,P,s2) < Cs^,s2{^) < 00. 

By orbital stabihty we have = 0{e). Then we can write the above equation as 

ig - {n^o + ^{P+M - P-M)g = eOiodg) + 0{\g\') 

for Oioc{g) such that ||Oioc(s')||^2,2 < C||5f||^2,-2, for some C. We set 
(5.1) U±{t, t') = e-^(*-*')^-oe±»-/'t' d^(7W+'^M-'^o)p^(^p) 

and we write 

P±Mg{t) = U±{t,0)g{0)+ I U±{t,t'){eOioc{g) + 0{\g\''))dt'. 

Jo 

By a standard continuation argument Lemma 5.1 is a consequence of the following 
result: 

Lemma 5.2. There is a fixed C such that if for all admissible {r,p) 

\^-^) ll^ll^2'^(Z,Lf ([n,n+l],^f)) - ' ll^ll-t-t* - 

then 

(5-3) II^IU-(Z,Lr([n,n+l]/P)) ^ ' ll^ll^?^^--^ ^ 
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Proof. Let llollrr r)~i = Ikll , s^- For fixed Cj, 

||-Pc(<^) — -Pc(^o)||b(£p.<^,^p.<') < Cp^cj\uj — U!o\. 

So from Cp^cr\uj{t) — u>o\ < 1/2 for all t and g{t) — Pc{uj{t))g(t) we conclude 
\\g{t)\\ep,- /\\Pc{i^o)g{t)\\£p.- e [1/2,2]. From this we conclude ||fi'||(r,p)/||^c('^o)fi'||(r,p) 
and ||^||L2£2,-2/||Pc(<^o)^||Lf£2,-2 are in [1/2,2]. Hence it is enough to prove (5.2) =^ 
(5.3) with g replaced by Pc(<^o)^- By Lemmas 3.1-2 we have for fixed constants 



l|t^±(^,0)^(0)||(,,p) + ||C/±(t, 0)^(0)11^2,2,-2 < 11^(0)11,2 



< 



e. 



We have by Lemmas 3.5 and 3.6 
U±{t,t')eOiocig)dt' 



(r,p)nL2£2,-2 



< C6||^||^2,2,-2 = 0(6^). 



By Lemma 3.1, 



Jo 



U±it,t')Oi\g\')dt' 



< C'o||^'^||ii£2 < CoIIs'IIl?°^2 
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< Co\\g\\Lf'e2\\g\\^e(^z,L^[n,n+l]),£'^)) " 0{e^). 

By (b) Lemma 3.3 

ft /"OO 

/ U±{t,t')0{\g\')dt' <C \\0{g'){s)\U.ds^O{e'). 

Jo L2,2,-2 Jo 

This yields Lemma 5.2 and concludes the proof of Lemma 5.1. 

Lemma 5.3. We have *g{t) ~ {h{t), h{t)). There exists r+ e £^ such that ||r+||,2 < 
Ce for fixed C = C{ul)q) and 



lim ||/i(t) -e**^r+||,2 = 0. 



Proof. First of all, all transformations in §4 preserve the symmetry aifi = 
Hence also aig = g. For U±{t, t') defined in (5.1) we have for ti < t2 

\\U{Q,t2)g{t2) - U{Q,t^)g{t^)\\p < 

< ||C/±(0,O(6O«oc(^)+O(|^r))||Li((t„t2),^^) < 

||^||L2((ti,t2),^2,-2) + ||5'l|L6((ti,t2),^oo) ^ for ti oo. 
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Then consider w+ = P^{u!o)w + P-{u!o)w with P±{u!o)w = hmt_»oo U±{0,t)g{t). We 
have 



lim \\PcioJo)9it)y,-2 = Urn 0) + 0))PcM^(0)||£2,-2 = 

t— >oo t^oo 

with the second equahty true for any ^(0) e By ||Pc(<^o)s'(^)||^2,-2/||5r(t)||^2,-2 e 
[1/2,2] it foUows 

lim \\g{t)\\e2,-2 = 

I— >oo 

Combining the above we have for 9{t) = dT('y(T) +oj(t)) 

J[{ttuo-e{t)+e{0)]{P+(ojo)-P-{'^o))^-itH 

We claim that the following strong limit exists 



lim \\g{t) - e^[itu^o-e{t)+om(P+(u;o)-P-i.u;o))^-^m^,^_^y ^ q 

t— >oo 



(5.4) W{uJo)= hm e^*^"oe-^*(-^+'^°)'^3_ 

tyoo 

The existence of the above limit follows from the existence of the strong limits 

(5.5) Wi = lim e'^'^^o e-'*'^° PJHo) and = lim e^^^^e^^^^-'^o^^^ 

tyoo tyoo 

with Tio = [H + t<;o)o"3- The first limit in (5.5) exists by Lemma 9.2. The second 
limit in (5.5) exists by Pearson's Theorem, see Theorem XI.7[RS], from the fact that 
H + A = q is trace class. Then the limit in (5.4) exists with W{liJo) = Wi o W2 by 
the "chain rule". Proposition 2 ch.XI [RS]. Furthermore W{liJo) is an isomorphism 
from f to iliHo). Set R+ = W(u;o)-^e'^^^^^^+^'^"^-^-^'^'>y^w+. Notice that since 
gita;ocr3 jg unitary matrix periodic in t and e**'^°'^3i?+ describes a circle in Then 
we have 

lim ||e-**^-oVF(a;o)e**'^°''3^+ - e-'*^-^+'^°^''^e'^'^'>''^R+\\p = 0. 

t—^+00 

Since W{(jiJo) conjugates Hu}o into (T3(— A + cjo), we get 

^{itujo+ie{o)){p+{ujo)-P-{uJo)) ^-itHojo _ e^^^^'^o VF(a;o)e**'^°°'3i?+. 

Hence the last two limits and the definition of i?+ imply the limit 
Hence expressing the last formula in components we obtain Lemma 5.3. 



lim 

t—>-+oo 



= 0. 

^2 
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§6 Proof of \z{t)\ ^ \z{0)\ 

We consider / = ^{u^z) + g. Notice that $(0;,^) is analytic for max{|a; — 
<^o|) l-^l} < e~^£o- The equation for z can be written as 

iz — X{uj)z = a{u>, z) + Z{uj^ z^ g) 

with \Z{u},z,g)\ < C|2;| ||5r||£2,-2. We write this equation in the form 

(6.1) iz - \{uj)z = a{u}, z) + {g, A{uj, z)) + {g, A{uJ, z, g)g) 
with ||^(a;, 2;, ^)||b(^2, -2^^2,2) < C. Our aim is to show: 

Lemma 6.1. There is a fixed constant C such that \z{0)\ > C\/e||/(0)||^2 implies 
\z{t) \ ^ 1^(0) I for allt. 

Lemma 6.1 is an immediate consequence of the following lemma: 

Lemma 6.2. There is a change of variables z = + a{uj,Q + {g,B{uj,C,)) with 
|ci(i^,C)| ^ C'iCp and {g,B{u!,()) < C'ICI llfl'11^2,-2 for a fixed C, such that 

(6.2) iC - A(a;)C = d{oj, |C|')C + C{oj, C, g)g) 

with d{uj, ICp) real valued and \ {g, C{u>Xt 9)9) \ ^ C'||5'|||2,-2 for a fixed C. 
Assuming Lemma 6.2 we have 

||C(t)P = 2^ [{g,C{u;,C,9)9)C\ 

and so by Lemma 5.1 

\m\' - |C(0)n < Ci6|b||,\_2 < C,e\\giQ)\\%. 

Then |C(0)| > y/2C^\\g{0)\\i2 implies |C(0)|/^ < |C(^)| < VS\C{0)\ for all t. Since 
1^(^)1 pa |C(^)|) this concludes Lemma 6.1. 

§7 Proof of Lemma 6.2 

Lemma 6.1 is a consequence of Lemmas 7.1 and 7.3 below. 

Lemma 7.1. There is a change of variables z — q + a{u>, (,) with \a{u), <;)\ < C'l^'p 
for a fixed C , such that 

(7.1) iq - \{io)q = d{uj, |^|^)^ + {g, c{uj, ^)) + C{uj, ^, g) 
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with d{u!, I^p) real, c(a;, ^) e -^^'^ and \C{u!,(;, g)\ < C\\g\\'^2,-2 for a fixed C. 
Proof. We write (6.1) in the form 

(7.2) m+n>2 

iuj = b{u, z) + {g, B{u, z)) + {g, B{u, z, g)g). 
We define inductively, with (7.3) for £ = 1 equal to (7.2), 

izi- \{ijj)zt = a^{u,Z() + ai{ijj,zi,g) 

(7.3) 

iu = hi{LO,Z() + I3{ui,zi,g). 

Let 5o = '^^^h ^0 > the constant in §4. We assume the following inductive 
hypotheses. 

(1) a^, 6^, and fig, are analytic functions in (a;, 2,1') for max{|a; — cuq], < 
e~(2-2 if -^g consider expansions 

ai{oj,z)= ^ aw('^)^'"^'', 6^(a;,2;)= ^ 6£^„(a;)2;'^^" 

m+n>2 m+n>2 

then for real, the coefficients a£^n{uj) and bg^nni'^) are real; 

(2) for defined by (m, n) e either ifm + n>^ + lorifm — n=l,we have 

(7.4) ae{oj,z)= ^ 0£^„(a;)2;'^z" , a^(a;,2;):= ^ a£^„(a;)2;"^z"; 

(m,n)e/£ (m,n)G7^+i 



(3) the following estimates hold : 

\ae{u,ze)\ < Ca{i)\zeW Mu,ze)\ < Ct{i)\ze\^ 
max{\ai{uj,Z£,g)\, \/3i{uj, zi, g)\} < Ca{£){\zi\ + ||5f||^2,-2)||5f||£2,-2. 



(7.5) 



We set ze+i = ze + 0£+i(a;, Z£,) with 

, / \ 0,imn{<^)z£^ z'l 

0^+1 (a;, Zi)= } sum over m - n ^ 1. 

m+n=i+l ^ J \ J 

Then we get equations (7.3) for ^ + 1 with, for (j)' ■ (a, h) = d^(j)a + dz(j)h — dz4>b 

be+i{oj,zi+i) = be{oj,ze), Pe+i{(^, z^+i, g) = Pe{aj, z^, g), 
(7.6) ae+i{uj,Z£+i) = ae{(jJ,ze) - 0^+i(a;, 2;^) • {be+i{oj,Zi+i),ae{oj,zi)), 

ae+i{oj,ze+i,g) = ae{oj,ze,g) - (j)[^-^{u,Zi) ■ {Pe+ii(^,ze+i,g),ae{oj,ze,g)). 

The transformation is designed so that the inductive hypothesis (2) holds for £ + 1, 
by elementary computation. Similarly, (1) for £ + 1 follows by the definition of 
0£+i(a;, 2;^), formulas (7.6) and (1) for i. Now we focus on the estimates. 
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Lemma 7.2. Estimates (7.5) hold for a fixed C replacing Ca{i), Ci,{£) and Cq,(£) 
for all £. 



Proof Set K = sup{|A-i(a;)| : |a; -a;o| < £0} and di := 2^^+^K/e\. We have 



mini 

/rj rT\ m+n=£+l 

(6oexp(2-«-2))" " 

By the Cauchy integral formula for |a; — a;o| < ~^5o and proceeding as for 

(4.12) and (4.13) we have 

(7.8) 10^+1(^,^^)1 < Csmz,\ , Cs{i) := Ca{i)e''d,. 

By zij^i = Zi-\- (j)i+i{<jJ, zi) we get 



(7.9) \zi+i - z(\ < Ca{e)di\zi\'' < Ca{e)di5o\zi\. 

We assume Ca{£)deSo < 1/2 V £, see (7.16). Then \ze+i - ze\ < e^'^-^^'^'^^^°\ze+i\ 
We have 



\zi\ < \z,+^\ + \ze+, ^ z,\ < e-('-'-'-'^do + Came-'^'-'-'-'^S^ < e'^'-'-'^So 



by (4.11) if Ca{i)die^ < 1. WewiU assume this inequality for the moment, 

see (7.16). By (1 - Ca{j)dj6o)-^ = 1 + 2Ca{j)dj6o 



(7.10) |6,+i(a;,^,+i)| = Mu;,Zi)\ < Clo(£)|^£+l|^ Cio{£) := e^^'^^'^^''^Ct{£), 

(7.11) \(3i+i{u;,zi+i,g)\ = \Pi{u}, ze, g)\ < Cii{£){\ze+i\ + ||^||^2,-2)||^||^2,-2 
for Cii{£) := Cc(£)e2^-W^^'^o. We have 

ae{uj, zi) = ae{u, zi) - ai{uj, Zi) with ai{uj, z) = ^ ae,mn{i^)z'^z'^ 

m+n=i+l,m—n^l 
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By an analogue of (7.7) we have,by 2Ca{i)d£5o < 1, 
(7.12) '''-(£+l)!(5oexp(2-^-2))^-^' 



Ca(£)2^+^ ^-2|^ |2 ^ Ca(£)2^+'^ 

- (£ + 1)1 (l-C'a(Wo) l^ml < (^^;^), 
By a£+i(a;,2;^+i) =0^(0;, 2;^) - ^^.^^(cc;, z^-) • {bt+i{u, zi+i), ai{uj, zi)), 

\ai+i{uj,Zi+i)\ < \ai{uj,Zi) \ + ^^^^^\y_ \z£+if+ 



(7.13) 



+ \(l)i^Auj,Zi)\\{bi+i{u,Zi+i),ai{uj,Zi))\ < \a£{u, zi)\ + Ci3{e)\z£+i 
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Cisil) := Cs{i)So {C^o{i) + 4C„(£)) . 

Then 

(7.14) \ae+i{u;,Zi+i)\ < C^^{i)W^xf , d^i) := e^^"(^)'^^'^°Ca(£) + Cis{e). 
By Q!^+i(a;, 2:^+1,^) = a£{oj,Zi,g) - (f)'g^-^{oj , zi) ■ {Pe+i{(^, zi+i, g), ai{oj, ze, g)), 
\ai+i{uj,ze+i,g)\ < Ci5{e){\zi+i\ + ||5r||^2,-2)||^||^2.-2 
Ci.ie) := e^^<'W'^^^°C«(£) + SoCaii)e%{Cn{i) + C^i))- 



(7.15) 



To close the inequalities we need to find sequences Ca, Cb and in £°°(N) such 
that for all £ and for di := 2^^+^ sup^ \X-^{co)\/£\ 

Ca{i)dedo < 1/2, Ca{£)die^~'-^2'+^So < 1 
(7.16) Ca{i + l)>Ci^{i), 

Cb{£ + 1) > Cio{£) ,C^{i + l)> max{Cii(£), Ci5(£)}. 

For So small there are such Ca, Cb and Ca in £°°(N) satisfying (7.16). For example 
the sequence defined inductively choosing equality in the last two lines in (7.16) and 
by Ca(l) = Cb(l) = Co;(l) = c(l). This follows from the fact that these sequences 
are bounded from above by a sequence satisfying Lemma 4.5. This concludes the 
proof of Lemma 7.2. 

The Z£ converge to Taking the limit ior £ 00 in (7.3) and proceeding as at 
the end of §4 we see that ^ satisfies a system of the form 

iq - \{u)<; = d{u, \<;\'^)<; + 7(0;, ^r) 

with 17(0;, <j, 51)1 < C|<j| ||5'||£2,2 and analytic in (u;, <j, ^, g) for max{|c<; — wo|, |<?|} < 5q. 
Expanding 7(0;,^, ^r) we get (7.1). This concludes the proof of Lemma 7.1. 
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Lemma 7.3. There is a change of variables q = {g, B{u!, ()) with {g, B{u!, ()) < 
C\(\\\g\\p,-2 for a fixed C, such that 

(7.17) it - A(a;)C = d{uj, |C|')C + C(u;, g) 

with d{(jj^ ICp) real valued and |C(a;,^, 5r)| < C||^||^2,-2 for a fixed C. 
Proof. We write (7.3) in the form 

iq-X{uj)q = d{u;,\q\^)q+ ^ c^„(a;))^""r + C(a;, ^, ^) 

(7.18) m+n>l 

iCo ^ h{ijO,<;) + B{u;,<;,g) 

with \B{ijj,(^, g)\ < C|| (711^2,-2 for a fixed C. We define inductively the following 
system, which for £ = 1 coincides with (7.18): 

- A(w)q = d{u, + {g, Ci{uj, <,()) + Q(a;, <j^, g) 

(7.19) iuj = h(u,qi) + Bi>{LO,qi>,g) 

ig - {n^ + iPc{n^)<J3)g = Ge{u;, <,i)g + gi{uo, g) + 0(|^|^). 

Let 5i = 5q, with (5o the constant of Lemmas 7.1-2. We assume the following 
inductive hypotheses. 

(1) Ci{uj, ^) and Bi{uj, q) are analytic in (w, q) in max{|a; — a;o|, |^|} < e~*^^~^ 
with values in Ci{ijO,q) belongs to £^(7i*); 

(2) the following estimates hold: 
(7.20) 

||Q(a;,Q)||,2,. <Cc(£)e(^-^)(2-2"')5r^+i|Q^ |C,(a;,Q,^)| < Cc(£)||^||,\-. , 
|B,(a;,Q,^)| < Cb{(-)M + ||^||^2,-2)||^||,2,-2 , 

11^^(^,^)115(^2,-2^^2.2) < Cg(£)|q|, ||^^(a;,Q,^)||^2,2 < Cg{t)\\g\\%,-2. 

These hypotheses hold for £ = 1 with Cc(l) = Cc(l) = Cb(1) = Cg(1) = Cg(l) = 
c(l) for some constant c(l). We expand 

C^('^,q)= Cemn{l^)<iT'^ ■> Ct{^->^i) '■= XI C£mn('^)?r^?- 

m+n>^ m+n>^+l 

We set Q+1 = Q + 0^+1 (a;, ^) 

0£+i(cc;, g) = {g, ^i+i{uj, q^)) with $^+i(a;, ^•£) = ^r^£7w('^) 

Twl"^) = -Rh* (("■ - m + l)A(a;))c£mn(<^)- 
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By induction C^(a;,Q) G ^c(^^) so also Qmn(^) ^ ^lO^V) for all {m,n). Then 
7^mn(^) and $£+i(a;, q) G ^iCH^j) . We get equations (7.19) for ^ + 1 with: 



(7.21) 
(7.22) 
(7.23) 

(7.24) 



B£+i{u},<;i+i,g) = B£{uj,<;e,g) + b{uj,<;e) - 6(a;,Q+i) ; 

Q+i(a;,Q+i) = C^(a;,Q+i) - [^^(a;, Q)]*$^+i(a;, q)- 

-$£+i(a;,Q) ■ (5(c^,ft),d(w, |<j^|^)<j^ ) +S^\u;,qi+i); 

Ce+i{Lv, <;£+!, g) = Ce{u,<;£,g) + (gf, C^(u;, <^^) - C£{u,<;£+i)) 

- {g, $^+i(c^, ^"^) ■ (^K^. 9), {9: Ce{uj, q)) + C£{uj, <^£, g))) 

- {g£{io, <;£, g) + O(l^l^), $£+i(a;, (,£)) + ^^^^^ ^) 

with ci(^)(u;,Q+i) = 9g|g=o [(^('^, |qP)q - c^('^, |q+iP)^"£+i] and 

D^'^\uj,(;£j^i,g) = d{uj, Iq^q - d{ui, |q+iP)q+i - ^(^^(a;, q+i) ) . 



Assumption (1) for £ + 1 holds by an argument analogous to Lemma 4.3. We have 
\cf>£+^{u;,,£,g)\< ^ ^\\d^d^C£{ajM\P:^ 

m+n=£ 
2^ -e 

<C4.g\<^£f\\g\\£2.-2 — {e^ -^Si)-^ sup \\C£{uj, z)\\e2,2 

< ^^^^y^-^^' (e^-^-%)-^+^k/||g||,.-. for k,| < e^-^-^5i. 
By a similar argument for |<j^| < 

i%,,)</>,+i(u.,.,,^)i < ^^^^§^(e^-^-^5o-^+^k.r-i^7ii,.-. 

and for < ^"^^i and — cjqI < ^ by an inequality similar to (4.11), 

|9a;0£+l(a;,Q,^)| < ^,^_2^ 11^11^2.-2. 
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Then, for |q| < '-^5i, \uj - uq\ < ' ^-^5i and Casl^) — Cc(^)C4.92^+7£! 
(7.25) 

|(^,+i(u;,Q,(7)| <C25W(e2"-%)-^+i|^,|^||(7||,2.-. < C25 W |q| H^/H^^,-. 
We have <j£+i — = 0^+1 (a;, g). So for a fixed Co from Lemma 5.1 
(7 26) 

< e2^^(^)'^^^Cc(^)c^^e|Q+i| , C26(^) := C0C25W , := / 

where we assume 2C26(^)e = Cc{tjdie < 1, see (7.34). We get for h{u!,q) 
b{oj,(;),d(u;, k|)^ 

\h{u;,q£+i) - h{uj,qi)\ < ||i:>^/t(a;,^)||ic^{|^|<|^^^^|}|Q+i 
This yields for C27(^) := e^^^^^^'^^'K{b, d)Co^Cc{i)di for a fixed K{b,d) 

|6(a;,Q+i) - 6(0;, q) I < C27(£)(5i 11^11^2,-2 I , 
(7.27) ||dW(a;,Q+i)||,2.2 < C27(^)5i|q+i| , 

\D^'\u;,,,+^,g)\<C27{i)Si\\g\\%-.. 

Be+i (a;, ^) = Be{u), ^) + b{uj, q) - 6(0;, q+i) imphes 

\l3i+i{uj,<ie+i,g)\<C28{i){\<ii+i\ + \\g\\p.-^)\\g\\e^,-^, 

C28{£) = e2^^W'^^^CB(£) + C27(^)5l. 

We bound 

I m+n 



\\Ce{u;,c;)y,. < ^^ll^r^C-Ko;, 0)11,2,2 < 

m+n>i+l 



<Cc(^) E 



< 



j! ((5i exp(2-^ - 2))^-^ (£ + 1)! (5i exp(2-^ - 2))* 
By a similar argument for Cso{£) — e^Co(^)2^+^/£! 



(7.30) ||a,,^C,(a;,OI|£^.^ <C3o(^)(5iexp(2-^-2)) ' \c;\ 
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By (7.23) for a constant K = K{b, d) we have 

||C^+i(w,Q+i)||£2,2 < 11^^(0;, Q+i) 11^2.2 + ||$^_^i(u;,q)||^2,2K|<^^|^ 

+ ||[GK'^,q)]*||b(£2,2,^2,2)||$£+i(u;,q)||^2,2 + \\d^'^\uj,i,i^l)\\p,2 
(7.31) / p22^+i \ 

- ^^^^^ ((TTl)! + 2^^^C25(^)i^5i|Q+i| j 

+ CG(^)C25(^)2^+^5l|Q+i|+C27(^)5l|ft+l| =C3i(£)k^+l| 

with C3i(£) defined so that the constants match and where we used (7.26) and the 
assumption CoCc(£)(i^e < 1/2. By (7.24) we have, 

|C£+i(tJ,Q+i,5f)| < |C£(u;,Q,5f)| + \\Ci{uj,<ii) - Ci{uj,<,iJ^i)\\p,2\\g\\p,~2 + 

||$^+i(w,q) 11^2,2 (|i3^(cu,Q,5f)| + ||C^(cc;,q) 11^2.2 ll^f 11^2.-2 + |C£(C^, ^i.,5f)|) ||5r||£2.-2 
+ ||$^+i(a;,^£)||^2,2||e;^(a;,Q,^) + 0(1^1^)11^2.-2 + 
We have 

||Q(a;,^^) -Q(a;,ft+i)||£2,2 < C3i(£)|%+i - ft| < C:,^{£)C2^{E)54g\\p,-2- 
ll^^+i (a;, q) 11^2,2 {\Bi{uj,c;i,g)\ + ||Q(a;, ^^)||£2,2 1|^||^2,-2 + |Q(a;,Q,^)|) 
< 2i^£C25(^)<^i [Csit, + Cc(^) + Cc(^)) 11^11,2,-2; 

||$,+i(a;,Q)||,2.2||6;,(a;,Q,(7) + 0(|(7r)||,2.-2 <C25(^)5i (Ce(^) + coe^) ||^||,'2,-2; 

|D(2)(^^^^^^^^)|<C/27(£)5i||i7|||2,-2. 

So 

(7.32) 

|C,+i(a;,Q+i,^)| < 032(^)11^11,^2.-2, C'32(^) :=C'c(£) + C'3i(^)C'25(^)<^i+ 

2^Hc25{i)5^ {Ceie) + Cc{e) + Cc{e)) + C25{i)Si {Cg{e) + coe^) + 027(^)51. 

We have 

||G£+i(a;, q+i)||b(,2,-2^,2,2) = (a;, ^-i)||b(£2, -2^,2,2) <c(l)|^-i| 

(7.33) < C'33(^)k^+i| , C'33(^) := c{l)e^'\\^^\\^o<i)Mi 
\\gi+i{uj,Q+i,g)\\i2.2 = \\gi{uj,c;i,g)\\£2.2 < c(l)||^||f2,-2. 

Now we need for all £ 

(7.34) Cc{i + 1) > C'3i(£) , Ceii + 1) > 028(^) , 

Cc{i + 1) > C'33(^) , Coii + 1) > 033(^) .Cg{i+1)= c(l). 

There exist Cc, Cc, Cb and Cg in £°°(N) satisfying (7.34), see below (7.16). Then 
we can replace the constants in (7.20) with a fixed constant C. Then ^ C, which 
satisfies the statement of Lemma 7.3. 
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§8 Proof of Theorem 1.2 
We still need to discuss the equation for (jj{t). Recall that we have 



(8.1) id; = a{u;, () + {g, A{u;, ()) + A{u;, (, g) 

with \A{uX.g)\ % C\\g\\p,2 and \\A{u,0\\p,2 < C\C\, with A{u;,C,g) and A{oj,C) 
analytic in (a;, ^r). The first step is: 

Lemma 8.1. There is a change of variables u = zu + a{zu, Q + {g, B(ju, C)) with 
\o:{''^, 01 < C'ICP o.iT'd \\B{w, C) 11^2,2 < C\C\ for a fixed C, such that 

(8.2) iw = D{w,C,g) 

with \D{vjXj g)\ ^ C\\g\\'j2,-2 for a fixed C. 

An immediate consequence of Lemmas 8.1 and 5.1 is: 
Corollary 8.2. There is a fixed C such that Htj^H^ipi^oo < Ce^. 

We have: 

Corollary 8.3. For any u > there is a fixed C such that for \z{fS)\ > e and 

\\f{0)\\e'2<ewehave 

inf \\u{t) - e*'^0u||^2,-a > Ce. 

Proof. We have for = (^1,^2) 

u{t) = e^^(*) ((/>^(,) + z^^iu{t)) + zC2{uj{t)) + A(c^(t), z{t)) + h{t) 

with \\A{u{t),z{t))\\p,2 < C|z(t)|2 and lim^^^ ||/i(t)||^2.-. 0. By < 
C\Eq — ul)q\ and — (pi\\p,2 < C\Eq — a;o|, Lemma 2.5, for t 1 we have 

\\e-imu{t) - (/,^(,) - 2;ei(a;(t))||,2,-. < Ce\Eo - a;o| 

also by \z\ < e, which follows by orbital stability, Lemma 2.3. We have 

Uuj + z^i{oj) - e*'^ 0^11^2.-. 110a; + z^i{u) - e''^(f>J% > 
- Ml + \z?\\U^)\\l - 2\z\ 1(0., - 0^, 

By 116 - < l-Eo - '^ol, by {(fio,<fii) = and by Lemma 1.1, we have 

(0^ - <P^.:U^)) = {{to -Eo)-^ - (/i - ^0)^) (y^o, 0{u - Eo)) 

+ {0{{co - Eo)i) - Oiifi - Eo)^), 6(0^)) = O ((a; - //)(a; - Eq)^) . 
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Hence + z^i{(jj) - e^'^4>tJi.\\% '^\(^ - A*P + > kP- Then Corollary 8.3 follows 
from \z\ > e, Lemma 6.1. 

In the rest of the section we prove Lemma 8.1. We have 

iuj = a{u, C) + {g, A{uj, 0) + A{uj, C, g) 

(8.3) iC - A(^)C = d{u, ICHC + Biu, C, g) 

ig - in^ + iPc{n^)<J3)g = C)^ + OioM^) + 0{\g\'). 

We define recursively, where uji = oj and (8.4) below for £ = 1 coincides with the 
equation for uj in (8.3), 

(8.4) iuJe = ae{u},C) + {g,Ai{u},C)) + Ae{uj,C,g). 

Let 82 = 5^. We assume: 

(1) for |a; — a;o| < ~^52 and |C| < S2 (the equalities below define and a^) 

,^ m+n>£+l m+n>£+2 

(8.5) _ _ _ 
Ae{u^,0= E Aemn{io)rC,Ae{u;,C)--= E ^w(a;)rc"; 

m+n>e+l m+n>e+2 

(2) the following estimates hold for a fixed C 

|a,(c.,C)|<Ce(^-^)(^-^"V+^ICrS 

(8-6) 

||A,(a;, 011^2,. <Ce(^-^)('-'" ^S^'+'\Cf, |^,(a;,C,^)| <C||^||,\_.. 
These facts hold for £ = 1. We set inductively 

ue+i =uje + 0^+1(0;, C) + {g, ^e+iii^, 0) 

(c^)rc 

$,+i(a;,C)= J] rr^Hi((n-m)A(a;))^w(c^). 

a;£+i satisfies (8.4) with 

ae+i {oj, C) = 0^(0;, C) - (f>e+i (^, C)(a(a;, C), c^(^, |CP)C) ; 

A^+i(w,C)) = A£(c^,C)) -duj(/>e+i{ujX){g.A{uj,C))- 

(8-8) - ((7Pc(^c.)(T3 + ^i(c^, 0) ^7, $^+i('^, 0); 

Ai+iiuX.g) = ^K^>C,5') - <^£+i(^,C)(-4(a;,C,c/),S(a;,C,t/))- 

-(0/oc(|^P) + 0(|^r),$,+i(a;,C)). 
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More explicitly, 

^^■^^ - 5c0^+i Od{u^, IC|')C + d^cl>£+,{oj,C)d{oj, ICHC 

The estimates can be derived in a manner similar to above proofs and we skip 
them. We have ujg ^ w with the latter satisfying an equation of the form (8.2). 
This completes the proof of Lemma 8.1. 

§9 Wave operators and partial diagonalization for Huj 

We set Ho ^ a^{H + uj) and write ^ Hq + B*{uj)A with A{iy) = (i^)"^ with 
T > 3/2 and B*{i', a;) a function in u with values in the space of 2 x 2 real valued 
matrices. For any uj in some compact set K there is a constant c{K) > and a > 
such that |e"I^IS*(iy,a;)| < Cm{K){u; - Eq) \fv e Z. 

Lemma 9.1. For r > 1 there exists C = C{r,u>) such that for all z e C\cre('^^a;) 

(9.1) \\RnS^)Pc{n^)\\BiP,r, < C. 

There is a neighborhood U of a^iTi.^) in C such that for any z e U\ae{T~Luj) 

(9.2) \\RnS^)\\BiP,r,P,-^)<C. 
The following limits are well defined 

(9.3) lim RuSX±ie) = (A) in C^{a^{'H^),B{f^'' 

e— »0+ 

Proof. First of all (9.2) implies (9.1). By Lemma 5.7 [CT] we have 

(1) \\{x)-^Rh{z, ; ■){y)-^yiz^) <Ciovz close to [0,4] 
with the following limits well defined 

(2) lim RH{X±ie) = R%{X) in C^{[0,4], B{f'^,e^'~^)). 

e— >0+ 

This implies 

(3) ||(x)"^i?>^„(2, ■, ■)(y)"^||^2(z2) < C for 2; close to ae{Hu;) 
with the following limits well defined 

(4) ^hm i?Ho(A±ie) = i?4(A) in C\a,{n^), B{e^^- ,e^^--)). 
For A = {x)~'^ we write 

(5) ARn^ {z) = (1 + ARno {z)B*)-^ARn, (z) . 

(3) implies \\ARn,{z)B*\\BiP,£2) < C{u-Eq) < 1. (3)-(4) imply (9.2)-(9.3). This 
concludes the proof of Lemma 9.1. 

We have: 
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Lemma 9.2. We have: 

(A) does not have resonances at ±u and at ±(4 + a;). 

(B) aeCHcj) does not contain eigenvalues. 

(C) There are isomorphisms inverses of each other W{u)) G B{i'^{Ho), ici'^'^)) ^'^^ 
Z{uj) e B{£l{T-Coj), icC^o)), defined as follows: for u e £'^{TCo), and v such that 

1 r+°° 

{Wu, v) = {u, v) + lim — / {ARno (A + is)u, BRn*^ (A + is)v)dX; 

£— »0+ ZTTI J — oq ^ 

forueei{n^),veei{no), 

{Zu,v) ^ {u,v) + lim / {AR-H {X + ie)u, BR-uJX + ie)v)dX. 



Then Pc{H^)nuj ^WHqZ. \\W{uj)\\B{ii{'Ho),tl{U^)) and ||^(c^)||b(^2(h^),^2(t^o)) are 
uniformly locally hounded in u. 

Proof. (A) and (B) follow by standard arguments from the fact that V,^ is small. 
(C) follows from (l)-(4) below. Specifically we need to show that there is a fixed 
c> such that V e 7^ 

(1) j \\{x)-^Rna{X + ie)u\\%dX < c\\u\\% for all u e £c(^o) 

(2) J \\BRno{X + ie)u\\%dX < c\\u\\l for all u e ^c(^o) 

(3) / m„.JX + < cMl for a., u e e^iU'J := 

(4) J \\{x)-^RH^{X + is)u\\%dX < c\\u\\% for all u e ^c(^c^)- 

(l)-(4) are consequences of (9.1) and of inequalities (2)-(3) in Lemma 9.1. 
We have: 

Lemma 9.3. For any u E we have 

(1) PciHu^h = Um / [Rh^ (A + ie) - Rn^ (A - ie)] udX. 

Proof. By a^iJ-L^) = (Jeiji-o) = [a;,4 + Ci;] U [—4 — a;, —a;] and by the spectral 
theorem we have 

(2) Pc{no)v = lim / [Ruoi^ + ^e) - Rnoi^ - i^)] vdX. 
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To prove (1) in Lemma 9.3 we observe that for u e £'^{Ha;) both sides of (1) are 0. 
Hence it is enough to prove (1) for u G llili.^). Then u = W{u!)v with v G £^{T-Co)- 
Then (1) u e £'^{7iaj) can be rewritten as 

u = W{u;)v = W{u;) hm — / [i?Ho(^ + ^e) - ^T^o(^ - ^^)] '"dX 

= hm — / [i?^ (A + ie) - Rn (A - ie)] H^(w)'i;(iA. 

This concludes Lemma 9.3. 

FinaUy, we obtain the hmiting absorption principle: 
Lemma 9.4. For any u e -^^'"^ with r > 3/2 we have 

Pcin.)u =^ I (A) - R^^ (A)] «(iA. 

Proof. For u G ^^'"^ the e — > 0"*" limit in (1) Lemma 9.4 converges in to the 
integral in Lemma 9.5. 

§10 Dispersive theory for Hi^: proof of Lemma 3.1 

Lemma 9.2 implies 1 1 -Pc ("^w ) e**^'^ ||b(£2 ^^2) < C for a fixed C > and yields 
Lemma 3.1 for p = 2. By interpolation the rest of Lemma 3.1 will be a consequence 
of case p —1. Lemma 9.4 implies for u e >5(Z) 



Pe(^.)e^*^"« = ^ / e'^' JA) - i?^JA)] udX. 
We expand JA) = E,°lo(-l)' (^So(^)^-)' Correspondingly 



We have ||Pc(^o)e**^° ||b(^i,^oo) < C(t)-3 by [CT,PS]. Wc consider now a generic 
term in the above summations. By (Jei'Huj) = [a;, 4 + a;] U [—4 — a;, —ui] it is not 
restrictive to focus on what follows, for K{E) = [R^^i^E -\- u)Vj)'' with j > 0, 

Tu= f e'^^R^^{E + u;)V^K{E)R+^{E + io)udE. 
Jo ° ° 
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Let = diag(l, 0) and = diag(0, 1). Then T = P^TpO + P^TPl + P^TP^ + 
pOj^pO consider separately these four operators. We focus on T++ = P^TP^. 
We have 

T++ifi,u) = Yl ^e'^*PlRU\i^,i^')VUi^')Ki\u',fi')RU\f^',f^)PldX. 
Recall now, see for instance Lemma 5.9 [CT], that 

(10.1) 

R^{\v,v) = ioYV<v 

where d G [0,7r] is such that A = 2(1 — cos^), where f±{i',0) are the Jost functions 
satisfying 

Hf± {u,e) = A/± {u, 6) with hm [f±{u,e)- e^'"'] = 

and where W(e) = f+(u + l,9)f-{u,0)- f+(u,e)f-(u + l,e) is the Wronskian . We 
recall that VF(^) is C°° in R/27rZ and that ^^(6*) for all d, see Lemmas 5.3 and 
5.5 in [CT]. We split the above sum in various terms 

(10.2) T++(^,^)= •••+ E •••+ E •••+ E •••• 

v' <v,^<^' v'>u,n<tjt' Iv'<I/,/l>/l' l''>U,^,>IJ,' 

Let m±{i', 9) = e^'^^^ f±{v, 9). Then the first term in the rhs in (10.1) is 

(10.3) E / e^*^'^~'^''''^^^^'^''~''^^rn-{y,9)A{9,y\^')m+{^,9)sin9d9 

^'<v,IJ.<IJ.' ° 

with A{9,u',ii') = f+{u',9)VUiy')K{X,u',ii')f^{ii',9). We have 

sup ((i.V(AiV||m_(j.,^)A(^,z.',/x')m+(/x,^)||iyi,i(o,.)) <C^(u;-i?o)^+^ 

I/'<l',/Lt<^i' 

Then by stationary phase |(10.3)| < C^{lij — EQy'^^{t)~^ . The other terms in the 
rhs of (10.2) can be bounded using 

where transmission and reflection coefficients are defined using the Wronskians 

= ±2^sing ^ [U{9lJZm 

^ ^ [h{0)J±{e)V ^^^'^ [h{0)J±{9)V 

see [CT]. Finally, the remaining terms P°TP^, P^TP° and P^TP^ can be bounded 
similarly. So we have ||T||b(^i^^oo) summing up on j and 

for C{ijj -Eq)<1 we obtain ||Pc('Ku;)e^*^" ||b(^i,^oo) < C{t)-^. 
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§11 The projections P±{c>j) 

Let ueS{Z). We set 



P±i^h=^ [ [Rti^ (A) - Rn^ (A)] udX 

lim / [R-Hu, (A + ie) - Rn^ (A - ie)] udX. 



Notice that we have P±{uj) = Z{uj)P^Pc{H)W{io). Hence P±{uj) extend into pro- 
jections in During the course of the proof of Lemma 5.1 we used the foUowing 
fact, which we prove: 

Lemma 11.1. For any pair si,S2 G M there is Cs^^sgl*^) upper semicontinuous in 
CO such that for j — 0,1 



(1) \\Pc{uj)a3 - {P+{u>) - P_(a;)||B(^2.-i,^2,«2) < Cs^,s2{'^) < oo. 

Proof. For this proof we set H = Hc^, Hq = (Js{H + a;), -Ro(^) = ('^o — and 
R{z) — {7i — z)~^ . To prove (1) it is enough to write Pc = P+ + P- and to prove 
II [P±(^3 T -P±]^||£2,Af < c||^||^2,-jv. It is not restrictive to consider only P+. Setting 
H = Hq + V, we write 

(2) ^^^^ ± = XI ±(1 + ^o(A ± ie)V)-^Ro{X ± ie). 

By elementary computation 

i?o(A ± ie)a3 = Rq{X ± ie) - 2{H + uj + X± ze)"Miag(0, 1). 

Therefore 

rhs(2)cj3 = rhs (4) + 2 ^ ±(1 + Ro{X± ie)F)-Miag(0, l)i?/f(-a; -X^ie). 

± 

Hence we are reduced to show that Ku = 

lim V ± / (1 + Ro{X ± ^e)y)-Miag(0, 1)Ph(-'^ - A ^ ie)udX 

defines an operator such that for some fixed c 

(3) ||JCtt||^2,M < c||lt||^2,-JV 
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We expand (1 + RqV) ^ = ^JLo ["-^o^]'' and we consider the corresponding de- 
composition K = X]^o ^j- have Kq = since for any tt e £^ we have 

lim / V±(iy + a; + A±ze)-Miag(0,l)MdA = 0. 

We next consider for j > and prove 

(4) ||K^tt||^2,M < c' {lo — Eoy\\u\\£2,-N for a fixed c. 

We have that for 7 a cfosed path around [a;, 4 + a;] we have 

K^u^ I Ro{z)V{Ro{z)Vy-^diag{0,l)RH{-io - z)udz. 

We have \\V{Ro{z)Vy~^\\B{f2,-N ^£2,1^-^ < c'{uj — EqY . For 2; e 7 we have 

\Ro{z,u,^)\ + \RH{-u;-z,u,fi)\<Pe-''\''-^\ 
for some fixed o: > and (3 > 0. Then 

< /3^||e~"l'l * \\B{i2,-N^p,-N^\\V{Ro{z)Vy~^\\B{p.-N^i2,M^\\e~"^'^ * ||b(£2,-A',£2,M) 

<c\u;-EQy. 
This yields Lemma 11.1. 

§ApPENDIX A: EXISTENCE OF H SATISFYING (HI) (H3) 

Lemmas A.l and A. 2 befow, together prove the existence of H satisfying (Hl)- 
(H3). Lemma A.l uses standard perturbation arguments. Lemma A. 2 proves that, 
in some sense, average potentials generically satisfy the second condition in (1) 
below. We recall that the resolvent R-a{z) for z e C\[0,4] has kernel 



with 6 a solution to 2(1 — cos^) = z with '^9 < 0. We will consider q{ij,) e S{Z). 
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Lemma A.l. Suppose that for some ao > and Cq we have < Cqc "^''^I 

and that the following two conditions are satisfied: 

(1) Yl ^(/^) = ' E 1/^ - < 0- 

Then there is Eq > such that for any < s < Eq the operator H = —A + Eq 
satisfies hypotheses (H1)-(H3). 

Proof. For 2 ^ (^{H) we have = {l-{-R-^{z)Eq)~^R-^{z). So there are two 

eigenvalues, one in (— oo,0) and the other in (4, oo), exactly if (1 + R-^{z)Eq)~^ 
is singular in two such points. By Fredholm theory the singular points occur in 
correspondence to values of z such that ker(l + R-A{z)Eq) ^ 0. If we set h{i>) = 
■\/\q{i')\ and a{v) = 6(i/)sign q{i/) we have q{i') = a{u)b{i'). By standard arguments 
the map u ^ v = bu establishes an isomorphism ker(l + R_^{z)Eq) — > ker(l + 
bR-A{z)Ea) with inverse u = —R-A{z)av. So ker(l + R-A{z)Eq) ^ exactly if 
ker(l + bR-A{z)Ea) ^ 0. We split the analysis in two parts. We first look at z near 
0. We will later look at z near 4. For z near write 

I 2 — e~*^l'^~^l 

A (/i, i^, z) = . - Do {fJ,, V, z) , Do {fj,, V, z) = 



2i sin 9 2i sin 9 

Now we have 

1 + bR_Aiz)Ea = 1 + e !!^'[^\ - EbDo(z)a = 
^ ^ 2isin6' ^ ^ 

^ {l-EbDQ{z)a) {2i sin 9 + e{1 - EbDo{z)a)~^b{-, a)) . 



2i sin 9 



We are reduced at looking at the kernel of the third factor in the last line. We will 
show that the following equation admits a solution 9 = it with t < close to 0. The 
singularity we are searching corresponds to solutions of 

oo 

2ism9 + {{1 - EbDo{z)a)-^b, a) = = 2ism9 + Ej2^'^iibDoiz)a)''b,a) 



n=l 

= 2zsin^+— ^ \iJi-v\q{iJi)q{v) + 0{E^) + 0{9'^). 

By the implicit function theorem we obtain a unique solution 

9 = 9{E) = i^^ \l^-iy\q{l^)q{iy) + 0{E' 

37 



For £^ > we have ^^(e) < 0. This yields for £^ > an eigenvalue z{e) = 
2(1 — cos{6{e))) of H with z{e) close to 0. Necessarily z{e) < by Lemma 5.3 [CT] 
and by selfadjointness of H. So we obtain 9 = it with t < and t = 0{e'^). This 
argument proves the existence of an eigenvalue also near 4, since if {—A + q)u — \u 
then t)(z/) = (— l)'^'u(z/) satisfies (—A — q)v = (4 — X)v. For eq small, there are no 
other eigenvalues. We need to show that and 4 are not resonances. We focus on 
0. for some £ is a resonance exactly if the Wronskian W{e, 9) is W{e, 0) = (see 
§10, we have added the parameter e). By (10.1) this happens exactly if 

hRH{z)a = (1 + ehR-£^{z)a)~'^hR-A{z)a = 

(1) -1 

{2is\ne + e{l - ehDQ{z)a)-H{-,a)) {I - ehDo{z)a)-^ {2ismebR-A{z)a) 

is singular at 2; = 0. But the first factor in rhs(l) is not singular at ^ = ^ = 0. The 
second factor is not singular. The third factor has kernel 

kill, u) = h{iJi)a{v) - b{ii){l - e-^^l'^-^l)a(zy) 

which is obviously not singular at ^ = 0. This means that is not a resonance. 
The same argument proves also the statement for 4, thanks to the transformation 
v{i') = {-l)''u{i'). This yields Lemma A.l. 

Here we recall that [KKK] observe that if q(/x) = Ad{iJ, — ni) + Bd{iJ, — ^2) with 
{A, B) 7^ (0, 0) then H = —A + q has at least one eigenvalue. In the case of small 
potentials we can generalize this observation. If ^^^^ q{lj) ^ then proceeding 
as in Lemma A.l it is easy to show that H = — A + eg has an eigenvalue for 
£ 7^ small. For J^neiQil-'') = we can generally apply Lemma A.l thanks to the 
following lemma: 

Lemma A. 2. Suppose that q^jj) e 5(Z) satisfies Ylifx^-Ll^lA — 0- Then 
~\ yi iirn {R_A{z)q,q). 

Notice that for 2; < we have {R-A{z)q, q) > 0, so the above limit is generically 
positive. To prove Lemma A. 2 use 

i?_A(/X, l^, Z) = ;r^e-^^l'^--l = - ^tl^ + 0{9), 

^ 2zsin6' 2zsin^ 2sin^ ^ ^' 

We have for | • | * q{ij,) = Ia* ~ ^k(^) 

{R-A{z)q, q) = §^ -l{\-\*q,q) + 0(9) - -^(| • | * 
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